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The long-wavelength properties of a noisy Kuramoto-SivashinskysKSd equation in 1+1 dimensions are
investigated by use of the dynamic renormalization groupsRGd and direct numerical simulations. It is shown
that the noisy KS equation is in the same universality class as the Kardar-Parisi-ZhangsKPZd equation in the
sense that they have scale invariant solutions with the same scaling exponents in the long-wavelength limit.
The RG analysis reveals that the RG flow for the parameters of the noisy KS equation rapidly approach the
KPZ fixed point with increasing strength of the noise. This is supplemented by numerical simulations of the KS
equation with a stochastic noise, in which scaling behavior close to the KPZ scaling can be observed even in
a moderate system size and time.
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I. INTRODUCTION

The most attractive models for surface roughening are the
Kardar-Parisi-Zhang sKPZd f1g and the Kuramoto-
SivashinskysKSd f2,3g equations. The KPZ equation has a
positive surface tension coefficient and is driven by a random
forcing, while the KS equation is completely deterministic
and is driven by inherent instabilities caused by a negative
surface tension coefficient. In spite of such a difference be-
tween these equations, it was conjectured by Yakhot that the
large-scale properties of the KS equation in 1+1 dimensions
are described by the KPZ equationsa noisy Burgers equa-
tiond f4–6g.

In order to clarify the claim, a number of numerical in-
vestigations in 1+1 dimensions have been developedf7–10g.
The present understanding for this conjecture is that the spa-
tiotemporal chaos generated by the negative surface tension
becomes renormalized at long wavelength into an effective
positive surface tension and an effective noise term. In prac-
tice, the parameters in the effective stochastic equation that
describes the long-wavelength properties of the KS equation
in 1+1 dimensions were determined by the coarse-graining
methodf7,9g and other methodsf8,10g, and on large scales it
was shown that the KS equation behaves like the KPZ equa-
tion. However, Zaleskif7g and othersf9,10g were unable to
see dynamic scaling phenomena which are numerically more
costly to obtain precisely. Sneppenet al. observed the onset
of crossover to asymptotic KPZ scaling by extensive numeri-
cal simulations on large systemsf8g, but they could not find
the KPZ dynamic scaling clearly.

From the theoretical point of view, Yakhot used a
renormalization-groupsRGd approachf4g. Unfortunately, the

theoretical assertion was based on uncertain ground, since
the KS equation was treated with a perturbation theory
around the unstable propagator which gives rise to an uncon-
trolled divergence. On the other hand, L’vovet al.proved the
identity of the scaling behavior of the one-dimensional KPZ
and KS equations in the long-wavelength limit under the
locality of nonlinear interaction of these equations in the
wave number spacef11g. They developed a perturbative
treatment around the renormalized rather than the bare
propagator by assuming the existence of such a renormalized
propagator from the first. However, this approach needs to
find a self-consistent scheme to examine its propertiesf12g.

There are other attempts to answer the claim addressed
above, in which whether the KS equation with a stochastic
noise term and the KPZ equation fall into the same univer-
sality class in 1+1 dimensions was investigated numerically
f13,14g and theoreticallyf15g. One is the numerical study of
dynamic roughening in surfaces eroded by ion sputtering.
The early and late time dynamics of an erosion model, which
is inherently stochastic, were found to be the same as those
obtained from the noisy KS equationf13g. The other is the
numerical simulation of a nonlinear stochastic equation de-
scribing the meandering of an isolated step on a crystal face
grown from vapor. The nonlinear stochastic equation takes
the form of the noisy KS equation above a critical supersatu-
ration. The roughening function characterizing the step
roughness obtained from the KS equation without a noise
term coincides with that obtained from the one with a noise
term, with increasing distance from equilibriumssee Fig. 1 in
f14gd. This result suggests that the noisy KS equation exhib-
its the same behavior as the KS equation. Moreover, it is
reported in Refs.f13,14g that the steady-state spectrum
khkh−kl for the heighth of a growing interface determined
from the noisy KS equation was found to obey the generic
k−2 scaling of the KPZ and deterministic KS equations for
small wave numberk, but the dynamic scaling properties
were not clearly found inf13g or not investigated inf14g.
This may be due to the smallness of the noise strength or
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limitation of the system size and time of the numerical simu-
lations. In order to clarify the relation between the KS and
KPZ equations from a different theoretical point of view, a
dynamic RG analysis was performed for the KS equation
with a nonconserved noise, and a stable fixed point of the
RG flow equations for the parameters of the noisy KS equa-
tion was found, which was identified as the KPZ fixed point
in Ref. f15g. However, their values of the roughness and
dynamic scaling exponents in 1+1 dimensions are different
from those at the exact KPZ fixed point.

The only difference between such a noisy version of the
KS equation and the KS system is the effective noise term
which originates from both deterministic noisesi.e., chaosd
and stochastic noisef12g. It is important to understand how
the interplay between these two noises determines the rough-
ness of the surface. In this paper, we apply the RG analysis
to the KS equation with conserved and nonconserved noises
to improve the RG results in Ref.f15g. From the prediction
of the RG results, we find a way to circumvent the limitation
of the system size and time in the numerical simulations for
the deterministic KS equation.

The outline of this paper is as follows. In Sec. II, we
perform the RG analysis for the noisy KS equation. In Sec.
III, a part of the results predicted by the RG analysis is
confirmed by the numerical simulations of the KS equation
with a stochastic noise term. The conclusion is given in Sec.
IV.

II. RENORMALIZATION-GROUP ANALYSIS

A. RG flow equations

The noisy KS equation in one dimension is

ht = nhxx − Khxxxx+
l

2
shxd2 + hsx,td, s1d

where the subscripts denote partial derivatives. Herehsx,td
describes the height profile of a one-dimensional surface
above a substrate pointx at time t , n is a negative surface
tension coefficient,K is a positive surface diffusion coeffi-
cient, andl is the strength of the nonlinearity.hsx,td is a
Gaussian white noise with zero mean and the correlation

khsx,tdhsx8,t8dl = F2D − 2Dd
]2

]x2Gdsx − x8ddst − t8d. s2d

Here h is composed of the nonconserved and conserved
noises whose strength isD andDd, respectivelyf16g. TheDd
term in Eq.s2d was not taken into account in Ref.f15g when
performing the RG calculations. By introducing this term,
we will obtain more reasonable RG results as discussed in
detail below. An equivalent equation to Eq.s1d is obtained
for u=−hx and f =−hx as

ut = nuxx − Kuxxxx− luux + fsx,td. s3d

Whenl=1, the nonlinear term in Eq.s3d is the same as that
in the one-dimensional analog of the Navier-Stokes equation;
then the variableusx,td can be interpreted as a one-
dimensional velocity field in a compressible fluidf5,6g.

The dynamic RG can be described through the Fourier
modes with wave numberk and frequencyv, in terms of
which Eq.s3d takes the form

s− iv + nk2 + Kk4dusk,vd

= fsk,vd −
il

2
kE

upuøL0

dp

2p
E

−`

` dV

2p
usp,Vdusk − p,v − Vd,

s4d

where L0;p /Dx is an upper cutoff in Fourier space, and
Dx=L /N is the lattice spacing in the real space,L and N
being the system size and the number of grid, respectively. It
follows from Eq. s2d that the Fourier transform offsx,td
satisfies

kfsk,vdfsk8,v8dl = 2s2pd2sDk2 + Ddk
4ddsk + k8ddsv + v8d.

s5d

First, following the RG proceduref1,5,15–17g, we divide
the velocity usk,vd into two componentsu.sk,vd and
u,sk,vd, with the wave number satisfyingLsld;L0e

−l

ø ukuøL0 and ukuøLsld , l being a parameter. We eliminate
si.e., integrate awayd the “fast” modesu.sk,vd, leading to an
equation for the “slow” modesu,sk,vd given by

f− iv + nk2 + Kk4 + Ssk,vdgu,sk,vd

= f,sk,vd −
il

2
kE

upuøLsld

dp

2p
E

−`

` dV

2p

3 u,sp,Vdu,sk − p,v − Vd, s6d

and f,sk,vd satisfies

kf,sk,vdf,sk8,v8dl = 2s2pd2fDk2 + Ddk
4 + Fsk,vdg

3dsk + k8ddsv + v8d. s7d

Ssk,vd in Eq. s6d and Fsk,vd in Eq. s7d are given in the
one-loop approximation as

Ssk,vd = l2E
LsldøupuøL0

dp

2p
E

−`

` dV

2p
hksk − pduG0sp,Vdu2

3G0sk − p,v − VdsDp2 + Ddp
4d

+ kpuG0sk − p,v − Vdu2G0sp,Vd

3fDsk − pd2 + Ddsk − pd4gj s8d

and

Fsk,vd = l2E
LsldøupuøL0

dp

2p
E

−`

` dV

2p
k2uG0sp,Vdu2

3uG0sk − p,v − Vdu2sDp2 + Ddp
4d

3fDsk − pd2 + Ddsk − pd4g, s9d

whereG0sk,vd=1/s−iv+nk2+Kk4d is the bare propagator.
We are interested in the scaling behavior in the large sys-

tem size and long time region, which correspond tok→0
and v→0 limits, respectively. We first integrate the right
hand sides of Eqs.s8d ands9d overV. Next, settingv=0 and
expanding the integrands in Eqs.s8d ands9d in Taylor series
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up to orderk4, we can express them asS=dnk2+dKk4 and
F=dDk2+dDdk

4. Since the linear part of Eq.s3d becomes
unstable forn,0, the bare propagatorG0sk,vd has a pole
for zero frequency at the wave numberk=k0=sunu /Kd1/2 if
Lsld,k0. In order to avoid such an uncontrolled divergence,
Procaccia and co-workers assumed the renormalized propa-
gator and correlation function from the first, since there are
rigorous proofs for the existence and boundedness of the
solutions of the KS equationf11,12g. Hence the propagator
and correlation function in theirSsk,vd andFsk,vd are ex-
pressed in terms of the renormalized ones from the first. On
the other hand in the RG method, if the integrations are
performed over an infinitesimal wave number shellL0s1
−dldø ukuøL0 only, one can avoid the divergence due to the
singularity of the bare propagatorf15g. Then all calculations
of dn , dK , dD, anddDd can be evaluated up to the first order
dl without any problem, and we can define the renormalized
parametersn,;n+dn , K,;K+dK , D,;D+dD, and Dd

,

;Dd+dDd. There is no correction tol, which is a conse-
quence of the Galilean invariancef5g; therefore,l,;l.

Second, in the RG procedure, we perform the

rescaling k̃=s1+dldk, ṽ=s1+zdldv, and ũsk̃,ṽd=f1−sa
+zddlgu,sk,vd, where a and z are the roughness and dy-
namic scaling exponents, respectively. The combined trans-
formation yields the renormalized and rescaled parameters

ñ=f1+sz−2ddlgn,, K̃=f1+sz−4ddlgK,, l̃=f1+sa+z

−2ddlgl,, D̃=f1+sz−2a−1ddlgD,, and D̃d=f1+sz−2a
−3ddlgDd

,, where the variables with tildes denote the res-
caled ones, while the variables without tildes are ones in the
original scale. In the limitdl →0, we obtain the one-loop RG
flow equations describing the change in the parameters of the
noisy KS equation under the RG transformation:

dñ

dl
= ñFz− 2 +

G

Fs1 + Fd3H3 + F + s1 − Fd
H

G
JG , s10d

dK̃

dl
= K̃Fz− 4 +

G

2s1 + Fd5H26 −F + 2F2 + F3

+ s2 − 21F + 6F2 + F3d
H

G
JG , s11d

dl̃

dl
= l̃fa + z− 2g, s12d

dD̃

dl
= D̃Fz− 2a − 1 +

G

s1 + Fd3S1 +
H

G
D2G , s13d

dD̃d

dl
= D̃dFz− 2a − 3 +

G2

2Hs1 + Fd5H16 + 3F + F2

+ 2s9 − 5Fd
H

G
+ s2 − 13F − F2dSH

G
D2JG , s14d

where we have defined the dimensionless coupling constants

Fsld= ñsld / fK̃sldL0
2g , Gsld= l̃sld2D̃sld / f4pK̃sld3L0

7g, and Hsld

= l̃sld2D̃dsld / f4pK̃sld3L0
5g, which are expressed in terms of

the rescaled variables. From Eqs.s10d–s14d, we can obtain
the flow equations forF ,G, andH:

dF

dl
= 2F +

G

2s1 + Fd5H6 − 12F + 11F2 − F4

+ s2 + 19F2 − 8F3 − F4d
H

G
J , s15d

dG

dl
= 7G −

G2

2s1 + Fd5H76 − 7F + 4F2 + 3F3

+ s2 − 71F + 14F2 + 3F3d
H

G
− 2s1 + Fd2SH

G
D2J ,

s16d

dH

dl
= 5H +

G2

2s1 + Fd5H16 + 3F + F2 − s60 + 7F + 6F2 + 3F3d

3
H

G
− s4 − 50F + 19F2 + 3F3dSH

G
D2J . s17d

There is another expression for the dimensionless coupling

constants fsld=K̃sldL0
2/ ñsld , gsld= l̃sld2D̃sld / f4pñsld3L0g,

and hsld= l̃sld2D̃dsldL0/ f4pñsld3g. However, they are not
convenient whenñ is flowing toward zero, at which
fsld , gsld, andhsld divergef15g. Fsld , Gsld, andHsld can be
expressed as Fsld=1/ fsld , Gsld=gsld / fsld3, and Hsld
=hsld / fsld3.

B. Fixed point of RG flow equations

When puttingD̃d=0 si.e., H=0d in Eqs. s15d and s16d,
they do not reduce to the corresponding Eqs.s20d ands19d at
d=1 in f15g. Therefore, we need to make some comments on
the results inf15g, in which Cuerno and Lauritsen carried out
RG calculations for Eq.s1d by taking into account only theD
term in Eq. s2d, and found a stable fixed point atsF* ,G*d
=s−25.25,−722.8d at d=1 with exponentsz=1.46,a=0.54,
and thusb=a /z=0.37. Although they identified this as the
KPZ fixed point, their estimates ofz, a, andb differ about
2.7%, 8%, and 12%, respectively, from the KPZ ones. Their

RG flow equations in the limit ofuñu! K̃L0
2 reduce to Eq.s7d

in f17g. However, the negative values ofF* andG* mean that

unstable modes appear above the wave numberk̃

=sñ* / uK̃* ud1/2 becauseñ* .0, K̃* ,0 at the fixed point. More-
over, the substitution ofa=0.54 in the scaling function of the
energy spectrum yieldsEskd~k−0.08 for k→0; thus we can-
not say definitely that the energy spectrum fork→0 is inde-
pendent ofk ssee the scaling solution of the energy spectrum
and the fluctuation-dissipation theorem belowd.

We have checked that the results atd=1 in f15g are ob-
tained by making the substitutionsp→p+k/2 and V→V
+v /2 in Eqs.s8d and s9d, but without changing the integral
region fromLsldø upuøL0 to Lsldø up+k/2uøL0. We per-
formed the same integrations by replacing the integral re-
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gion. As a result, we obtained the same RG flow equations

for ñ andD̃ as Ref.f15g, but a different RG flow equation for

K̃, since the effect of the replacement of the integral region
appears when expanding the results up to orderk4. We car-
ried out the same calculations of Eqs.s8d ands9d by directly
integrating them without making the substitutionsp→p
+k/2 andV→V+v /2, and confirmed that this leads to the
same results as those obtained by the replacement of both the
variables and range of integration. The results are Eqs.s15d
and s16d without theH term. Then we found a stable fixed
point at sF* ,G*d=s13.1868,1064.43d with exponents z
=1.54,a=0.46, and thusb=0.30. We could recover the

positive value ofF* si.e., K̃* .0d; therefore, it is found that

the problem of the negative value ofK̃ at the fixed point is
not attributed to the one-loop approximationf15g. Even if we
made such a modification, the values of the exponents are
still different from the exact values of the KPZ fixed point.

In order to overcome this problem we have introduced the
Dd term in the noise correlator as in Eq.s2d. As a result, the
parameter spacesF ,Gd is extended tosF ,G,Hd, and a stable
fixed point for the RG flow equationss15d–s17d is found at
sF* ,G* ,H*d=s10.7593,680.652,63.2614d. The values ofz
and a are determined from the equationsdñ /dl=0 and

dD̃/dl=0 as follows:

z= 2 −
G*s3 + F*d
F*s1 + F*d3 −

H*s1 − F*d
F*s1 + F*d3 , s18d

a =
1

2
Fz− 1 +

G*

s1 + F*d3S1 +
H*

G* D2G . s19d

Using the values ofsF* ,G* ,H*d above, we obtainz=1.5, a
=0.5, and thusb=1/3. Thescaling exponents are exactly
those at the KPZ fixed point. Due to the Galilean invariance
of Eq. s3d, l should remain unchanged under rescaling;
therefore, Eq.s12d leads to the scaling relationa+z=2. In-
deed, the values ofz anda obtained above satisfy this scal-
ing identity.

Figure 1 displays the trajectories of the dimensionless
coupling constants(Fsld ,Gsld ,Hsld) under the RG transfor-
mation for an initial region 0ø l ø2.4 with respect to four
initial values s−1/L0

2,0 ,0d , (−1/L0
2,0.05/s4pL0

7d ,0) ,
(−1/L0

2,2.5/s4pL0
7d ,0), and (−1/L0

2,20/s4pL0
7d ,0), where

we have set ñs0d=−1, K̃s0d=1, l̃s0d=1, D̃s0d=DsD=0,

0.05,2.5,20d , D̃ds0d=0, andL0=p /Dx=p /0.5. These initial
values will be used in the numerical simulations in the next

section. Except for the case ofs−1/L0
2,0 ,0d fi.e., D̃s0d

=D̃ds0d=0g, the remaining three trajectories reach the same
fixed pointsF* ,G* ,H*d=s10.7593,680.652,63.2614d. More-
over, it is found that the RG flow for(Fsld ,Gsld ,Hsld) rap-
idly approaches the KPZ fixed point with increasing strength
of D. The change in sign ofF from F,0 to F.0 indicates
that ñ changes from a negative value to a positive one. Once
the value ofD takes a different value from zero, the RG
trajectory deviates from theF axis. For much smallerD the
RG trajectories go along theF axis for much longer timesif

we regard the parameterl as timed, and then they turn to the
right and finally reach the KPZ fixed point. Therefore for
very smallD it takes much timesi.e., many RG transforma-
tionsd to reach the KPZ fixed point. This behavior is also the

case forD̃s0d=0 andD̃ds0dÞ0. We will numerically confirm
in the next section that scaling behavior close to the KPZ
scaling can be observed by adding larger noise to the KS

equation. In the case ofD̃s0d=D̃ds0d=0, the initial value
s−1/L0

2,0 ,0d goes tos−` ,0 ,0d. If we see this behavior in
the parameter space(fsld ,gsld ,hsld), the initial value
s−L0

2,0 ,0d approaches the fixed points0, 0, 0d.

C. Undoing the rescaling

Our real interest is in the effective theories without res-
caling, so that, for comparison of the RG results with the
numerical simulations in the next section, one must “undo”
the rescalingsf18g. In order to return to the original scale, we
have to make the following transformations such that

k=e−lk̃, v=e−zlṽ, nsld=e−sz−2dlñsld, Ksld=e−sz−4dlK̃sld, lsld
=e−sa+z−2dll̃sld, Dsld=e−sz−2a−1dlD̃sld, and Ddsld
=e−sz−2a−3dlD̃dsld. In terms of the variables in the original
scale, the coupling constants can be expressed asFsld
=nsld / fKsldLsld2g , Gsld=lsld2Dsld / f4pKsld3Lsld7g, and

FIG. 1. The RG trajectories in the parameter spacesF ,G,Hd for
0ø l ø2.4, projected onsad the sF ,Gd andsbd the sF ,Hd plane, for

initial values ñs0d=−1, K̃s0d=1, l̃=1, D̃s0d=D sD=0,0.05,2.5,

20d, andD̃ds0d=0.
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Hsld=lsld2Ddsld / f4pKsld3Lsld5g, where we have usedLsld
=L0e

−l. Under the RG transformation the cutoffL0 is fixed,
while the cutoffLsld in the original scale corresponds to an
appropriately chosen cutoff introduced inf7,9g, in which
short-wavelength degrees of freedomuskd with uku.Lsld
were explicitly eliminated. Going back to the original scale,
the flow equationss15d–s17d remain unchanged, but the flow
equationss10d–s14d are changed to

dn

dl
= nF G

Fs1 + Fd3H3 + F + s1 − Fd
H

G
JG , s20d

dK

dl
= KF G

2s1 + Fd5H26 −F + 2F2 + F3

+ s2 − 21F + 6F2 + F3d
H

G
JG , s21d

dl

dl
= 0, s22d

dD

dl
= DF G

s1 + Fd3S1 +
H

G
D2G , s23d

dDd

dl
= DdF G2

2Hs1 + Fd5H16 + 3F + F2 + 2s9 − 5Fd
H

G

+ s2 − 13F − F2dSH

G
D2JG . s24d

These flow equations take similar forms as Eqs.s10d–s14d,
but in the original scale it is not necessary to consider the
contribution from the rescalings.

Figures 2sad and 2sbd show the behavior of the rescaled

viscosityñsld and noise strengthD̃sld, which are obtained by
solving Eqs.s10d ands13d by the use of Eqs.s15d–s17d under
the assumption that the values ofa and z are given bya

=0.5 andz=1.5. It is found thatñ andD̃ converge to steady-

state valuesñ* and D̃* . Their values become large with in-

crease ofD̃s0d=D. On the other hand, Figs. 2scd and 2sdd
shownsld andDsld in the original scale, which are obtained
by solving Eqs.s20d ands23d by the use of Eqs.s15d–s17d or
by making the scale transformationnsld=e−sz−2dlñsld and

Dsld=e−sz−2a−1dlD̃sld. It is found thatnsld and Dsld increase
with the parameterl, which indicates that the RG analysis
cannot predict the values of the effective viscosityneff and
the effective noise strengthDeff in the intermediate scaling
region where the linear term dominates the nonlinearity in
the effective equation obtained from Eq.s3d f7–10g. By using
a discrete stochastic model of erosion processes by ion sput-
tering, it was found that a periodic ripple morphology char-
acterizes the initial stage of the evolution, whereas the sur-
face displays self-affine scaling in the later stagef13g. In the
RG procedure one must rescale the space, time, and height in
order to obtain a system similar to the original, which is
based on the assumption that the interface is self-affine.
Therefore we can say that the RG analysis can determine the

self-affine scaling exponents of rough interfaces, but cannot
predict the crossover from the ripple structure to the rough
surface. In Figs. 2sad, 2sbd, 2scd, and 2sdd, we have

chosen the initial values,ñs0d=ns0d=−1, K̃s0d=Ks0d=1,

D̃s0d=Ds0d=D=0,0.05,2.5,20,D̃ds0d=Dds0d=0, and L0

=p /Dx=p /0.5. It should be noted that the values of

FIG. 2. sad The rescaled viscosityñsld, sbd the rescaled noise

strengthD̃sld, scd the viscositynsld in the original scale, andsdd the

noise strengthDsld in the original scale, forñs0d=ns0d=−1, K̃s0d
=Ks0d=1, D̃s0d=Ds0d=D=0,0.05,2.5,20, andD̃ds0d=Dds0d=0.
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sF* ,G* ,H*d are universal in the sense that they do not de-

pend on the initial values, whileñ* andD̃* depend on them.

D. Fluctuation-dissipation theorem

From the linear part of the effective equation obtained
from the noisy KS equation, the velocity correlation function
in the original scale can be expressed asf5,6g

Csk,vd =
kusk,vdusk8,v8dl

s2pd2dsk + k8ddsv + v8d
=

2fDsldk2 + Ddsldk4g
v2 + fnsldk2 + Ksldk4g2 .

s25d

On the other hand, the velocity correlation function in terms
of the rescaled variables is given by

C̃sk̃,ṽd =
2fD̃sldk̃2 + D̃dsldk̃4g

ṽ2 + fñsldk̃2 + K̃sldk̃4g2
. s26d

Csk,vd and C̃sk̃,ṽd are related asC̃sk̃,ṽd=es1−2a−zdlCsk,vd
by the scale transformation; then the scaling solution is given
by Csk,vd=k1−2a−zCsv /kzd, whereCsxd is a scaling func-
tion. Substituting the valuesz=1.5 anda=0.5, we obtain
Csk,vd=k−1.5Csv /k1.5d. Thus, the scaling solution for the
effective equation obtained from the noisy KS equation is the
same as that for the KPZ equationf1g and the KS equation
f11,19g in 1+1 dimensions. It follows from Eq.s25d that the
energy spectrum of velocity in the original scale can be writ-
ten as

Eskd =E dv

2p
Csk,vd =

Dsld + Ddsldk2

nsld + Ksldk2

=
Dsld
nsld

1 + fHsld/Gsldgfk/Lsldg2

1 + f1/Fsldgfk/Lsldg2 , s27d

while the energy spectrum of velocity in terms of the re-
scaled variables is given by

Ẽsk̃d =
D̃sld + D̃dsldk̃2

ñsld + K̃sldk̃2
=

D̃sld
ñsld

1 + fHsld/Gsldgsk̃/L0d2

1 + f1/Fsldgsk̃/L0d2
.

s28d

Eskd and Ẽsk̃d are related asẼsk̃d=es1−2adlEskd by the scale
transformation; then the scaling solution is given byEskd
~k1−2a. At the fixed point, the valuessF* ,G* ,H*d
=s10.7593,680.652,63.2614d yield the estimatesH* /G*

<0.093 and 1/F* <0.093. Then Eq.s28d tells us thatẼsk̃d
=D̃* / ñ* at the fixed point. Using the valuesz=1.5 anda

=0.5, we obtainnsld=e0.5sl−l0dñ* andDsld=e0.5sl−l0dD̃* , where

we have used the fact that forl0ø l , ñsld and D̃sld take the

steady-state valuesñ* and D̃* as shown in Figs. 2sad and
2sbd. Using the cutoffLsld=L0e

−l, they can be expressed as

nsld=fL0/Lsldg0.5s1−l0/ldñ* and Dsld=fL0/Lsldg0.5s1−l0/ldD̃* .
Therefore in the limit l →` , nsld,Lsld−0.5 and Dsld
,Lsld−0.5. This shows that the values ofn and D in the
original scale increase with decreasing cutoffLsld f7,20g.

However, their ratio remains unchanged,Dsld /nsld=D̃* / ñ* ,
which is found to be a scale-independent quantity. Accord-

ingly, Eskd also can be put asD̃* / ñ* , which indicates that in
1+1 dimensions the fluctuation-dissipation theorem holds in
the noisy KS equation too in the long-wavelength limit. If we

do not introduce theDd term in the noise correlator,Ẽskd
without Hsld in Eq. s28d depends onk̃ because 1/FsldÞ0 at
the fixed point. In the numerical simulations of the KS equa-
tion without noise term, the equal-time correlation function
takes the steady-state value fork→0 f7–9g. The present RG
analysis has shown that this is also the case in the noisy KS
equation.

III. NUMERICAL ANALYSIS

A. Scaling exponents

The long-wavelength properties of the KS equation are
expected to behave like the KPZ equation. Sneppenet al.
performed a large-scale numerical simulation of the KS
equation without the noise termf8g. They investigated the
dynamic scaling ofksh−khld2l1/2, tb and found crossover
from the Edward-Wilkinson scaling withb=1/4. However,
they could not find the KPZ scaling withb=1/3 clearly.
Much larger-scale and longer-time numerical simulations
may be necessary to confirm the KPZ scaling. The RG analy-
sis in the previous section shows that the fixed point
sF* ,G* ,H*d is more easily attained by stochastic noise. We
expect therefore that the KPZ scaling withb=1/3 can be
numerically observed in the noisy KS equation with moder-
ate system size.

In the usual numerical simulations of the KS equation
without the noise termf7–10g, all the parameters in Eq.s1d
or s3d can be fixed to 1 by appropriate rescaling. The only
control parameter is then the system sizeL f7–10g. On the
other hand, in the noisy version of the KS equation,D and
Dd are added as the control parameters. We have performed
direct numerical simulations of Eq.s1d with n=−1, K
=1, l=1, and investigated the time evolution ofWstd
=Šfhsx,td−khsx,tdlg2

‹
1/2. We have investigated both cases of

DÞ0, Dd=0 andD=0, DdÞ0, and obtained similar results.
We will show only the results forDÞ0 andDd=0, since the
case is more natural for noisy surface growthf13g. We have
used the Heun method for the numerical simulation with
Dx=0.5 and Dt=0.005. sSneppenet al. used the Euler
method withDx=1 andDt=0.1, which might be too rough a
discretization.d The periodic boundary conditions are im-
posed, and the initial condition ishsx,0d=0.

Figure 3 displays the time evolution ofWstd for the KS
equation forL=200 000. The ensemble average is taken for
three runs. In this simulation, the noise term withD=0.1 is
added only for the initial time interval 0, t,0.5, and the
time evolution obeys the deterministic KS equation fort
.0.5. The double-logarithmic plot ofWstd shows thatWstd
obeys the dynamic scalingt1/4 fairly well. The slightly
upward-curving line ofWstd probably represents the cross-
over to KPZ scaling. The exponent neart,50 000 is about
0.29, which is still rather smaller than 1/3. That is, we could
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not confirm the KPZ scaling withb=1/3 clearly, either.
Figure 4 displays the time evolution ofWstd for the noisy

KS equation withD=0,0.05,2.5,20 forL=20 000. The en-
semble average is taken for 10 runs. As the noise strength is
increased, the time evolutions ofWstd are shifted upward,
since the fluctuations increase owing to the stochastic noises.
For the deterministic case ofD=0, only the dynamic scaling
with 1/4 is observed and even the crossover is hardly seen in
this smaller-size and shorter-time simulation. The exponent
of the dynamic scaling has been evaluated by the method of
least squares using the data in the range 50, t,2000, and
the result isb=0.248. ForD=0.05, the time evolution is
almost the same as the case ofD=0. ForD=2.5, the expo-
nent of the dynamic scaling increases fromb=1/4 toward
b=0.3. ForD=20, the exponent of the dynamic scaling is
evaluated asb=0.316 by the method of least squares using
the data in the range 50, t,2000, which is close to the
exponent 1/3 of the KPZ scaling. We have also evaluated the
effectiveb exponents asb,0.25 forD=0 andb,0.315 for
D=20 from the time dependence ofWstd / tb as done inf8g.
This result is consistent with the RG result in Fig. 3, which
shows that the KPZ fixed point is easily attained by stochas-
tic noise. If we can perform further extensive numerical
simulation than that shown in Fig. 3, the RG trajectory for
the KS equationsi.e., the case ofD=Dd=0d would reach the
KPZ fixed point. WhenD=Dd=0, however,S in Eq. s8d and
F in Eq. s9d are always zero. Then the RG trajectory is on
the F axis in Fig. 1 and never reaches the KPZ fixed point.
This is a qualitative difference between the RG analysis in
the previous section and the numerical simulation.

B. Modeling by the KPZ equation and estimate of the effective
parameters

Next, we analyze the numerical results of the noisy KS
equation, based on the KPZ equation with the effective noise
strength and the effective viscosity, assuming that the mod-
eling by the effective KPZ equation is a good approximation
for the behavior in the large spatial and temporal scales for
the case of smallD. The KPZ equation is written as

ht = neffhxx +
l

2
shxd2 + hsx,td, s29d

khsx,tdhsx8,t8dl = 2Deffdsx − x8ddst − t8d. s30d

Sneppenet al. evaluated the effective viscosity constantneff
and the effective noise strengthDeff from the direct numeri-
cal simulations of the deterministic KS equation. They evalu-
atedDeff /neff

1/2 using the relation

Wstd2 =
2Deff

Î2pneff

t1/2, s31d

in the temporal range of the dynamic scaling withb=1/4. In
the long-wavelength region, the equilibriumlike equipartition
law for hx is observed for the KS equationf7–10g. Then, the
second relation

Deff

neff
= Lk2kuhsk, tdu2l s32d

determines the ratio ofDeff andneff. From the two relations,
Sneppenet al. evaluatedDeff and neff as Deff=6.4 andneff
=10.5. They performed numerical simulation of the KS
equations1d with n=−1, K=1, l=2, and the above value of
Deff is a rescaled value forl=1. We note that the results by
them are obtained by the replacementsh→2h, h→2h, and
Deff→2Deff from the present results. The effective viscosity
neff was estimated with other methodsf7,10g, and similar
values of 6,neff,10 were obtained. We have evaluated the
effective viscosityneff and the effective noise strengthDeff
for the noisy KS equation using the two relationss31d and
s32d. We have performed numerical simulations ofL
=20 000 to evaluate the relations31d, and numerical simula-
tions of L=4096 to evaluate the relations32d.

Figures 5sad and 5sbd displayneff andDeff as a function of
D. The effective viscosityneff decreases fromneff,8 near
D=0, and takes a value of about 5 for largeD. The effective
noise strengthDeff increases withD, since the stochastic
noises are added to the deterministic noises generated spon-
taneously by the chaotic behavior. The values ofneff andDeff
at D=0 are slightly different from the values estimated by
Sneppenet al. Figure 5scd displays the ratioDeff /neff as a
function of D. The rhombuses denote the numerical values

determined by Eq.s32d and the crosses denote the ratioD̃ / ñ
obtained by solving RG flow equationss10d and s13d with
L0=p /Dx=p /0.5, assuming that the values ofa and z are
given by a=0.5 andz=1.5, and the initial values areñs0d

FIG. 4. Time evolutions ofWstd for the noisy KS equation at
D=0, 0.05, 2.5, and 20 forL=20 000.

FIG. 3. Time evolution ofWstd for the KS equation without the
noise term forL=200 000. Two straight dashed lines denote the
lines with exponents 0.25 and 0.29.

RENORMALIZATION-GROUP AND NUMERICAL… PHYSICAL REVIEW E 71, 046138s2005d

046138-7



=n=−1, K̃s0d=K=1, D̃s0d=D, and D̃ds0d=Dd=0. As we

have shown in Figs. 2sad and 2sbd, ñ andD̃ approach steady-

state valuesñ* and D̃* . We have evaluated the ratioD̃ / ñ at
the steady state. It may be said that the RG analysis gives
roughly approximate values ofDeff /neff. However, it should
be noted that in the RG analysis the value ofDeff /neff ap-
proaches zero asD→0, while in the numerical simulation
Deff /neff takes a finite value even atD=0. This is probably
because the chaotic fluctuations generated by the determin-
istic KS equation are not well involved in the RG analysis
whenD=Dd=0.

C. Approximation of the surface growth law using the RG
analysis

The increase of the effective noise strength is expected to
facilitate the crossover to the KPZ scaling as we have shown
in Fig. 4. We consider the dynamic scaling based on the KPZ
equation. We assume thatneff and Deff are evaluated using
Eqs. s31d and s32d. The RG flow equation forgsld
= l̃sld2D̃effsld / f4pñeffsld3L0g is given as

dgsld
dl

= gsld − 2gsld2, s33d

which can be obtained also from Eqs.s10d, s12d, ands13d by

putting K̃=D̃d=0. Equations33d is easily solved asgsld=h1
+tanhsl /2−cdj /4, where c is determined from gs0d
=l2Deff / s4pneff

3 L0d=s1−tanhcd /4 with the use of the initial

values of ñeffs0d=neff ,D̃effs0d=Deff, and l̃s0d=l. If we
choosegs0d=1/2, weobtainc=−`. The substitution ofc=
−` in the above exact solution ofgsld yields gsld=1/2 for
any l. That is, if we choose the initial values ofneff , Deff , l,
andL0 to satisfygs0d=l2Deff / s4pneff

3 L0d=1/2, thedynamic
scaling withb=1/3 iseasily observed even for smallt, since
the system is at the fixed point of the RG flow. The rescaled

parametersñeffsld and D̃effsld obey Eqs.s10d and s13d by

putting K̃=D̃d=0. Returning to the original scale, the param-

etersneffsld=e−sz−2dlñeffsld and Deffsld=e−sz−2a−1dlD̃effsld obey
the equations

dneffsld
dl

= neffsldgsld,

dDeffsld
dl

= Deffsldgsld. s34d

The effective viscosityneffsld and Deffsld increase asneffsld
=neffexphe0

l gslddlj=neffexpfhl +2 ln coshsl /2−cdj /4g and
Deffsld=Deffexpfhl +2 ln coshsl /2−cdj /4g. For l →`, the
wave numberk is scaled ask,L0e

−l, so l , lnsL0/kd. That
is, the effective viscosity and noise strength in the original
scale increase asneffskd,k−1/2 andDeffskd,k−1/2 for smallk.
If we assume thatneffsld andDeffsld are the effective viscosity
and the noise strength at the wave numberk=L0e

−l, the time
evolution ofWstd is expected to obey approximately

Wstd2 =
2

L
o
k

kuhsk,tdu2l

,
2

L
o
k
E

0

t

e−2neffskdk2st−t8d2Deffskddt8

=
2

L
o
k

Deffskd
neffskdk2s1 − e−2neffskdk2td, s35d

where the summation is taken for the discrete wave numbers
k=kn=2pn/L sn=1,… ,N/2d. We can evaluate the time evo-
lution of Wstd using Eq.s35d.

Figure 6sad compares the numerical result of the KPZ
equations29d for L=20 000,neff=10, andDeff=2.5 with Eq.
s35d for L=20 000 and 1 000 000. Equations35d gives a
fairly good estimate forWstd. The dynamic scaling with ex-
ponent b=1/4 is seen even for the KPZ equation atneff
=10. The saturation effect ofWstd owing to the finiteness of
L is also expressed by Eq.s35d.

Figure 6sad also shows that very large size and long time
are necessary to see the crossover to the KPZ scaling for the
large viscosityneff=10. Figure 6sbd compares the numerical
result of the KS equation atD=0 for L=200 000swhich is
already shown in Fig. 3d with Eq. s35d shown by the dashed
line and Eq.s31d shown by the dotted line forL=200 000
andneff=7.85,Deff=7.65, whereneff andDeff are the values
at D=0 in Figs. 5sad and 5sbd. The effective values ofneff

FIG. 5. sad Effective viscosity andsbd the effective noise strength numerically estimated using the two relationss31d and s32d as a
function of D. scd The ratioDeff /neff obtained by numerical simulationssdenoted by rhombusesd and the RG analysissdenoted by crossesd.
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=7.85 andDeff=7.65 were obtained through the linear fitting
by Eq s31d, so naturally the dotted line is close to the solid
line. The dashed line represents the very slow crossover to-
ward KPZ scaling. However, the crossover seems to be even
slower in the direct numerical simulation than the prediction
by Eq. s35d. Figure 6scd compares the numerical results of
the noisy KS equation atD=2.5 for L=20 000 swhich is
already shown in Fig. 4d with Eq. s35d shown by the dashed
line and Eq. s31d shown by the dotted line forL
=20 000,neff=4.65,Deff=26.7, whereneff and Deff are the
values atD=2.5 in Figs. 5sad and 5sbd. The crossover toward
the KPZ equation is clearly seen even in the smaller-size
system. The crossover seems to be slower in the direct nu-
merical simulation than the prediction by Eq.s35d also at this
parameter.

The corresponding summation formula forWstd using the
RG flows of Eqs.s15d–s17d and s20d–s24d is written as

Wstd2 ,
2

L
o
k
E

0

t

e−2hnskdk2+Kskdk4jst−t8dh2Dskd + 2Ddskdk2jdt8

=
2

L
o
k

Dskd + Ddskdk2

nskdk2 + Kskdk4s1 − e−2hnskdk2+Kskdk4jtd. s36d

The growth law with exponentb=1/4 and thecrossover
toward the exponentb=1/3 did notappear in this formula.
We suspect that fluctuations by the deterministic chaos are
well involved in the RG analysis of Eqs.s10d–s17d ands20d–
s24d especially for smallD. That is a reason why we have
assumed the KPZ equation for the basis of the dynamic scal-
ing for smallD. It might be related to a fact that the effective
viscosities around 5–10 did not appear in the RG flows as
shown in Fig. 2scd.

However, if D is sufficiently large, the stochastic noises
dominate the chaotic fluctuations, and the RG flows of Eqs.
s15d–s17d ands20d–s24d become more plausible. In addition,
the effective viscosity and the effective noise strength cannot
be evaluated for largeD, since the intermediate region with
the dynamic exponentb=1/4 becomes invisible, and the
analyses based on the KPZ equation cannot be applied. Here,
we show the applicability of the RG flows for the noisy KS
equation through Eq.s36d for largeD. Figure 7 compares the
numerical results forL=20 000 andD=20 shown in Fig. 4

with Eq. s36d. Fairly good agreement is seen for the large
value ofD=20. In Figs. 6sbd, 6scd, and 7, one reason for the
deviation between the numerical results and Eqs.s35d and
s36d may be that the chaotic fluctuations are not explicitly
involved in the RG calculation.

IV. CONCLUSION

We have performed a RG analysis for the KS equation
with conserved and nonconserved noise in 1+1 dimensions.
By introducing the conserved noise, first, we obtained the
values of the scaling exponents which are the same as those
at the KPZ fixed point. Second, we showed that the
fluctuation-dissipation theorem is exactly satisfied in the
noisy KS equation in the long-wavelength limit. Therefore
we can say that the long-wavelength properties of the noisy
KS equation in 1+1 dimensions are described by the KPZ
equation fairly well. However, the RG analysis for the noisy
KS equation could not yet predict the effective viscosity and
the noise strength in the intermediate scaling region. We
have numerically evaluated the effective viscosity and the
noise strength for the effective KPZ equation. We showed
that scaling behavior close to the KPZ scaling can be ob-
served even in moderate-size numerical simulations of the
KS equation under stochastic noise, owing to the increase of
the effective noise strength.

FIG. 6. Comparisons ofWstd by direct numerical simulationsssolid lined with Eq. s35d sdashed linesd and Eq.s31d sdotted linesd for sad
the KPZ equation withneff=10, Deff=2.5, andL=20 000, 106, sbd the KS equation forL=200 000, andscd the noisy KS equation forD
=2.5 andL=20 000. The straight dotted lines insbd and scd represent the lines by Eq.s31d.

FIG. 7. Comparison of the time evolution ofWstd for the noisy
KS equation withD=20 andL=20 000ssolid lined with Eq. s36d
sdashed lined.
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We have not succeeded in including the effect of the cha-
otic fluctuations in the RG flows and evaluating the effective
viscosities for smallD or D=0. This problem also would
arise in other methods such as the direct interaction approxi-
mationfsee Fig. 2sad in f7gg and a mode-coupling studyf19g
of the KS equation, which were unable to obtain spectra with
a hump. A rough estimate of the effective viscosity isneff
< lcell

2 /t, wherelcell is the size of the cellular structures in the
KS system andt is the linear growth time of the most un-
stable modef8,9g. It is recognized that the range of linearly
unstable modes, which are seen in the prominent hump in the
spectra, plays a crucial role in the nonlinear dynamical be-
havior of the KS equationf12g. Even if we are interested in
the long-wavelength properties, we would not disregard this
dynamically dominant range. In order to clarify whether the

linearly unstable modes are incorporated by the RG method,
it is worth considering a model where the fourth-order de-
rivative in Eq.s1d or s3d is replaced by a sixth-order one. In
such a variant model, it is reported that the values ofneff and
Deff become huge, but the fluctuation-dissipation theorem is
still well satisfiedf7,9g. The huge value ofneff can be quali-
tatively estimated fromneff< lcell

2 /t. If the linearly unstable
modes are well involved by the RG method, we would obtain
larger values ofneff andDeff for the variant model than those
for the noisy KS equation. This is under investigation.
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