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Renormalization-group and numerical analysis of a noisy Kuramoto-Sivashinsky equation
in 1+1 dimensions
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The long-wavelength properties of a noisy Kuramoto-Sivashin&§) equation in 1+1 dimensions are
investigated by use of the dynamic renormalization gr(R@) and direct numerical simulations. It is shown
that the noisy KS equation is in the same universality class as the Kardar-Parisi{&Rf)gequation in the
sense that they have scale invariant solutions with the same scaling exponents in the long-wavelength limit.
The RG analysis reveals that the RG flow for the parameters of the noisy KS equation rapidly approach the
KPZ fixed point with increasing strength of the noise. This is supplemented by numerical simulations of the KS
equation with a stochastic noise, in which scaling behavior close to the KPZ scaling can be observed even in
a moderate system size and time.
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[. INTRODUCTION theoretical assertion was based on uncertain ground, since
The most attractive models for surface roughening are ththe KS equation was treated W't-h a_pertu_rbatlon theory
. &round the unstable propagator which gives rise to an uncon-
Kardar-Parisi-zhang (KPZ) [1] and the Kuramoto- e givergence. On the other hand, Lvetal. proved the
Sivashinsky(KS) [2,3] equations. The KPZ equation has a ijentity of the scaling behavior of the one-dimensional KPZ
pos[tlve surface tension coef.f|C|e.nt and is driven byargr_ldpnénd KS equations in the long-wavelength limit under the
forcing, while the KS equation is completely deterministic |ocality of nonlinear interaction of these equations in the
and is driven by inherent instabilities caused by a negativgyaye number spacéll]. They developed a perturbative
surface tension coefficient. In spite of such a difference begeatment around the renormalized rather than the bare
tween these equations, it was conjectured by Yakhot that thg.onagator by assuming the existence of such a renormalized
large-scale properties of the KS equation in 1+1 dimensiong opagator from the first. However, this approach needs to
are described by the KPZ equati¢a noisy Burgers equa- find a self-consistent scheme to examine its propefti€s
tion) [4-6]. , _ o There are other attempts to answer the claim addressed
In order to clarify the claim, a number of numerical in- 4p,6ve  in which whether the KS equation with a stochastic
vestigations in 1+1 dimensions have been develdpedd.  yise term and the KPZ equation fall into the same univer-
The present understanding for this conjecture is that the spagjity class in 1+1 dimensions was investigated numerically
tiotemporal chaos generated by the negative surface tensi?@&lq and theoreticallyi15]. One is the numerical study of
becomes renormalized at long wavelength into an effectiv%wnamiC roughening in surfaces eroded by ion sputtering.
positive surface tension and an effective noise term. In pracype early and late time dynamics of an erosion model, which
tice, the parameters in the effective stochastic equation that inherently stochastic, were found to be the same as those
describes the long-wavelength properties of the KS equatiogpained from the noisy KS equati¢3]. The other is the
in 1+1 dimensions were determined by the coarse-graining,merical simulation of a nonlinear stochastic equation de-
method[7,9] and other method,10], and on large scales it g¢riping the meandering of an isolated step on a crystal face
was shown that the KS equation behaves like the KPZ equasrown from vapor. The nonlinear stochastic equation takes
tion. However, Zaleskj7] and other49,10] were unable to  the form of the noisy KS equation above a critical supersatu-
see dynamic scaling phenomena which are numerically morgytion. The roughening function characterizing the step
costly to obtain precisely. Sneppenal. observed the onset roughness obtained from the KS equation without a noise
of crossover to asymptotic KPZ scaling by extensive numeriyerm coincides with that obtained from the one with a noise
cal simulations on large systerf8], but they could not find  orm with increasing distance from equilibriusee Fig. 1 in
the KPZ dynamic scaling clearly. _ [14]). This result suggests that the noisy KS equation exhib-
From the theoretical point of view, Yakhot used ajis the same behavior as the KS equation. Moreover, it is
renormalization-grouRG) approacH4]. Unfortunately, the reported in Refs[13,14 that the steady-state spectrum
(hyh_y for the heighth of a growing interface determined
from the noisy KS equation was found to obey the generic
*Present address: Department of Computational Science and Ek=? scaling of the KPZ and deterministic KS equations for
gineering, Graduate School of Engineering, Nagoya Universitysmall wave numbek, but the dynamic scaling properties
Chikusa, Nagoya 464-8601, Japan. Electronic addresswere not clearly found if13] or not investigated if14].
ueno@fcs.coe.nagoya-u.ac.jp This may be due to the smallness of the noise strength or
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limitation of the system size and time of the numerical simu- The dynamic RG can be described through the Fourier
lations. In order to clarify the relation between the KS andmodes with wave numbek and frequencyw, in terms of
KPZ equations from a different theoretical point of view, a which Eq.(3) takes the form

dynamic RG analysis was performed for the KS equation, .

with a nonconserved noise, and a stable fixed point of the '® " o+ Kk u(k, )
RG flow equations for the parameters of the noisy KS equa- in dp [* dQ
tion was found, which was identified as the KPZ fixed point = f(k,®) = Ekf 2_f 2—u(p,Q)u(k— pw=1Q),
i i lpl<Ag €T J =0 T

in Ref. [15]. However, their values of the roughness and 0

dynamic scaling exponents in 1+1 dimensions are different (4)
from those at the exact KPZ fixed point. _ : : :

The only difference between such a noisy versio_n of the\gsi_e/ﬁois ﬂgﬁa:tsticaen supgi?;gc?rgoménrggfgg;fg:ﬁghand
nE')eing the system size and the number of grid, respectively. It
follows from Eq. (2) that the Fourier transform of(x,t)
ﬁgtisfies

which originates from both deterministic noisee., chaos

and stochastic noige 2]. It is important to understand how

the interplay between these two noises determines the roug

ness of the surface. In this paper, we apply the RG analysis(f(k,w)f(k’,»’)) = 2(2m)%(Dk? + Dgk*) s(k + k') S(w + ).

to the KS equation with conserved and nonconserved noises (5)

to improve the RG results in Reff15]. From the prediction

of the RG results, we find a way to circumvent the limitation  First, following the RG procedurgl,5,15-17, we divide

of the system size and time in the numerical simulations fothe velocity u(k,w) into two componentsu”(k,w) and

the deterministic KS equation. u=(k,w), with the wave number satisfying\(l)=Aqe"
The outline of this paper is as follows. In Sec. I, we <|k|< A, and|k|<A(l), | being a parameter. We eliminate

perform the RG analysis for the noisy KS equation. In Sec(.e., integrate awaythe “fast’ modess” (k, ), leading to an

I, a part of the results predicted by the RG analysis isequation for the “slow” modes=<(k,w) given by

confirmed by the numerical simulations of the KS equation

with a stochastic noise term. The conclusion is given in Sec. [~iw+ vk + KK + 3 (K o) Ju=(k,w)
IV. . o
A d dQ
:f<(k,w)—'—kf —pf =
2 Jip=aq) 2mJ) o 27
Il. RENORMALIZATION-GROUP ANALYSIS X U= (p, QU= (k= p,0 - Q) (6)
A. RG flow equations and f<(k,w) satisfies
The noisy KS equation in one dimension is (F=(k ) f(K,0")) = 22m)2[DK2 + D + D(K, )]
A ! i
ht = thx_ Khxxxx+ E(hx)z + W(Xat)y (1) Xak+ K)o+ o). (7)

2(k,w) in Eg. (6) and ®(k,w) in Eq. (7) are given in the
where the subscripts denote partial derivatives. Heéxret) one-loop approximation as
describes the height profile of a one-dimensional surface "
above a substrate poirtat timet, v is a negative surface S (k, ) :}‘Zf @f d_Q{k(k_ P)|Gq(p, Q)[2
tension coefficientK is a positive surface diffusion coeffi- Aly=lpl=Ag 27T ) - 27
cient, and\ is the strength of the nonlinearity;(x,t) is a
Gaussian white noise with zero mean and the correlation

XGy(k = p,w — Q)(Dp®+ Dgp*)
+Kkp|Gy(k— p,w — Q)|?Gy(p, Q)

2
]5@(- X)8t-t). (2) X[D(k- p)? + Dgy(k - p)*1} (8)

(p(x,H)p(x',t')) = {2[) - 2Dd§

Here 7 is composed of the nonconserved and conservegnd

noises whose strength x> andDy, respectivelyf16]. TheDy dp (* dQ

term in Eq.(2) was not taken into account in R¢1L5] when Ok, w) = ?\Zf z_f 2—k2|G0(p,Q)|2
performing the RG calculations. By introducing this term, A =lpl=rg TS == €T

we will obtain more reasonable RG results as discussed in X|Go(k - p,w — Q)|(Dp? + Dgp*)

detail below. An equivalent equation to E(.) is obtained ) 4

for u=—-h, andf=-7, as X[D(k=p)-+ Dd(k_ OMP 9

whereGy(k, ) =1/(-iw+ vk*+Kk*) is the bare propagator.
We are interested in the scaling behavior in the large sys-

When\ =1, the nonlinear term in Eq3) is the same as that tem size and long time region, which correspondkte 0

in the one-dimensional analog of the Navier-Stokes equatiorind w— 0 limits, respectively. We first integrate the right

then the variableu(x,t) can be interpreted as a one- hand sides of Eq$8) and(9) over(). Next, settingn=0 and

dimensional velocity field in a compressible flJisl,6]. expanding the integrands in Ed8) and(9) in Taylor series

Uy = Py = KUy = AU+ F(X D). (3

046138-2



RENORMALIZATION-GROUP AND NUMERICAL... PHYSICAL REVIEW E 71, 046138(2005

up to orderk?, we can express them &= svk®+oKk* and =\(1)2Dy(1)/[47K(1)3A3], which are expressed in terms of

®=6DK?+8Dgk". Since the linear part of EJ3) becomes  ihe rescaled variables. From Eq40)—(14), we can obtain
unstable fory<0, the bare propagatd®o(k,) has a pole  he flow equations foF,G, andH:

for zero frequency at the wave numblerk,=(|v|/K)Y? if

A< ko: In order to avoid such an uncontrolled dlyergence, ﬁ —oF + G {6 —1F + 11F2 - F4
Procaccia and co-workers assumed the renormalized propa- dl 2(1+F)°

gator and correlation function from the first, since there are H

rigorous proofs for the existence and boundedness of the +(2+19F%-8F3- |:4)_}, (15)
solutions of the KS equatiofil1,12. Hence the propagator G

and correlation function in thek(k, w) and®(k, w) are ex-
pressed in terms of the renormalized ones from the first. On  dG _ 76— G?
the other hand in the RG method, if the integrations are  §] ~ 2(1+F)°
performed over an infinitesimal wave number sh&}(1 )
__51) < |k_| < A only, one can avoid the divergence due_ to the +(2-7IF + 14F%+ 3F3)ﬂ —2(1+ F)2<E) }
singularity of the bare propagatpt5]. Then all calculations G G
of v, 6K, 8D, andéDy can be evaluated up to the first order (16)
8l without any problem, and we can define the renormalized
parameters~= v+ v, K"=K+8K, D==D+6D, andDg 44 G2
=Dgy+Dg. There is no correction ta, which is a conse- —=5H+_——=
guence of the Galilean invarian€g]; therefore A== \. di 2(1+F)
Second, in the RG procedure, we perform the
rescaling k=(1+d)k, w=(1+zdl)w, and Uk, w)=[1-(a
+2)8lJu~(k,w), where @ and z are the roughness and dy- ) ) ) ) )
namic scaling exponents, respectively. The combined trans.N€re is another expression for the dimensionless coupling
formation yields the renormalized and rescaled paramete@onstants  f(1)=K()A§/#(1), g()=X(1)?D(1)/[475(1)3A,],
T=[1+(z-2)81v<, K=[1+z-4K=, \=[1+(a+z and h(l)=\(1)2D4(l)Ao/[47%(1)3]. However, they are not
-2)8\=, D=[1+(z-2a-1)8]D<, and Dy=[1+(z-2«  CONvenient whenw is flowing toward zero, at which
~3)4]D;, where the variables with tildes denote the res-f(!); 9(1), andh(l) diverge[15]. F(1), G(1), a3ndH(I) can be
caled ones, while the variables without tildes are ones in th@xpresseg as F(=1/f(1), GN)=g()/f(1)%, and H()
original scale. In the limitl — 0, we obtain the one-loop RG =h(N/£(1)°,
flow equations describing the change in the parameters of the
noisy KS equation under the RG transformation:

{76—7F+4F2+3F3

{16+3F+F2—(60+7F+6F2+3F3)

2
xﬂ—(4—5(F+19F2+3F3)<E> } 17
G G

B. Fixed point of RG flow equations

@z?{z—2+ G 3{3+F+(1_F)EH’ (10) When puttingD4=0 (i.e., H=0) in .Eqs. (15) and (16),
dl F(L+F) G they do not reduce to the corresponding E@§) and(19) at
d=1in[15]. Therefore, we need to make some comments on

G the results i 15], in which Cuerno and Lauritsen carried out
+———126-F+2F2+F3 RG calculations for Eq(1) by taking into account only thB
2(1+F) term in Eq.(2), and found a stable fixed point & ,G")
, . s H =(-25.25,-722.8atd=1 with exponentz=1.46,a=0.54,

+(2-2IF+6F°+F )a ' (11) and thusB=a/z=0.37. Although they identified this as the
KPZ fixed point, their estimates &, «, and 8 differ about

~ 2.7%, 8%, and 12%, respectively, from the KPZ ones. Their

d—)l‘ :X[a +z-2], (12) RG flow equations in the limit off <RA§ reduce to Eq(7)

d in [17]. However, the negative valuesBf andG" mean that
, unstable modes appear above the wave numker
:B{Z_ga_lﬁu%(“_ﬂ) } 1y =0IK )2 be_cags@*>0, K*§O at the fixed point. More-
(1+F) G over, the substitution ak=0.54 in the scaling function of the
energy spectrum yieldg(k) « k298 for k— 0; thus we can-
not say definitely that the energy spectrumker 0 is inde-
16+ F + F? pendent ok (see the scaling solution of the energy spectrum
and the fluctuation-dissipation theorem below
H ~[H 2 We have checked that the resultsdatl in [15] are ob-
+2(9- 5':)6 +(2-1F-F) G (14 tained by making the substitutions— p+k/2 and Q—Q
+w/2 in Egs.(8) and(9), but without changing the integral
where we have defined the dimensionless coupling constantggion fromA(l)<|p| <A, to A(l) <|p+k/2|<A,. We per-
F()=2(1)/[K()A3], G(1)=\(1)2D(1)/[47K(1)3A{], andH(l)  formed the same integrations by replacing the integral re-

—:R{z—4

ol

d

Q

2

2H(1+F)°

dDy ~
d_ld:Dd|:Z_2a_3+

046138-3



UENO, SAKAGUCHI, AND OKAMURA PHYSICAL REVIEW E 71, 046138(2005

gion. As a result, we obtained the same RG flow equations (a) G
for 7 andD as Ref[15], but a different RG flow equation for 0.175
K, since the effect of the replacement of the integral region 0.151 D=20

appears when expanding the results up to okdeWWe car-

ried out the same calculations of E48) and(9) by directly
integrating them without making the substitutiops— p

+k/2 andQ)—Q+w/2, and confirmed that this leads to the
same results as those obtained by the replacement of both tr
variables and range of integration. The results are Eds.

and (16) without theH term. Then we found a stable fixed
point at (F",G")=(13.1868,1064.43 with exponents z
=1.54,0=0.46, and thus3=0.30. We could recover the F

positive value ofF" (i.e., K >0); therefore, it is found that

the problem of the negative value Kfat the fixed point is (b) H
not attributed to the one-loop approximatidrb]. Even if we

3 25 2 s

made such a modification, the values of the exponents art 0.12

still different from the exact values of the KPZ fixed point. 0.1l/D=20
In order to overcome this problem we have introduced the '

Dy term in the noise correlator as in EQ). As a result, the 0.08

parameter spadé-,G) is extended tgF,G,H), and a stable

fixed point for the RG flow equationd5)—(17) is found at 0.0

(F",G",H")=(10.7593,680.652,63.2614The values ofz

and « are determined from the equatiomnf/dI=0 and 0.9
dD/dI=0 as follows: o . OO?ZZ'?T
‘3+F) H@Q-F F o
z=2 - G (3 - )3 - — ( ; )3 (18) -3 -2.5 -2 -1.5 -1 -0.5
FA+F)° F((1+F)

FIG. 1. The RG trajectories in the parameter spd&cés, H) for
1 * H\2 0=<I=2.4, projected orta) the (F,G) and(b) the (F,H) plane, for
a25[2—1+m<1+d) } (19 initial values 7(0)=-1,K(0)=1,x=1,D(0)=D (D=0,0.05,2.5,

20), andDgy(0)=0.

Using the values ofF",G",H") above, we obtaiz=1.5, «

=0.5, and thusB=1/3. Thescaling exponents are exactly we regard the parametkas timg, and then they turn to the
those at the KPZ fixed point. Due to the Galilean invarianceright and finally reach the KPZ fixed point. Therefore for
of Eq. (3), N should remain unchanged under rescaling;very smallD it takes much timdi.e., many RG transforma-
therefore, Eq(12) leads to the scaling relation+z=2. In-  tions) to reach the KPZ fixed point. This behavior is also the

Qeeq, thg values of and « obtained above satisfy this scal- ¢55e forf)(o):o andBd(O) +0. We will numerically confirm

ing identity. _ , _ _ in the next section that scaling behavior close to the KPZ
F|g_ure 1 displays the trajectories of the dmensmnlesgca"ng can be observed by adding larger noise to the KS

coupling constantgF(1),G(l),H(I)) under the RG transfor- equation. In the case d?)(O)zf) (0)=0. the initial value

mation for an initial region &1=<2.4 with respect to four (=1/A2 0 0 t0(~.0,0) Ifdw ' this behavior in

initial - values _ (~1/A5,0,0), (-1/A5,0.05/4mAg),0), the a{ra’metge?ess (;ce(f(,l), (i) h(I)G; Setﬁe iSniti:I ava?lue

(-1/A2,2.5/(47A}),0), and (—1/A~2,20/(47-r~Ag),0), where a2 po 5 approacﬁes v ,fg( D pom 0

we have set?(0)=-1,K(0)=1,x(0)=1, D(0)=D(D=0, o T

0.05,2.5,20, Dy4(0)=0, andAy=7/Ax=/0.5. These initial
values will be used in the numerical simulations in the next ) o ] ] )
Our real interest is in the effective theories without res-

. 2 . =~
S?,Ctlon' Except for the case ¢F1/Ag,0,0 [ie., D(0) caling, so that, for comparison of the RG results with the
=D4(0)=0], the remaining three trajectories reach the samgumerical simulations in the next section, one must “undo”
fixed point(F",G",H")=(10.7593,680.652,63.2614More-  the rescalingg18]. In order to return to the original scale, we
over, it is found that the RG flow fofF(1),G(1),H(I)) rap-  have to make the following transformations such that
idly approaches the KPZ fixed point with increasing strengtr‘k:e—Fk, w=e%, u(l)=e"@25(), K(|):e—(z—4)IR(|), ()
of D. The change in sign df from F<0 to F>0 indicates (ar2)T (2D
that? changes from a negative value to a positive one. once® )‘~(|)' D(h)=e D), and Da(l)
the value ofD takes a different value from zero, the RG =€ #2*3'Dy(l). In terms of the variables in the original
trajectory deviates from thE axis. For much smalled the  scale, the coupling constants can be expressed-(fs
RG trajectories go along thie axis for much longer timgif ~ =v(1)/[K()A()?Z], G(1)=X(1)?D(1)/[4=K(1)3A(1)7], and

C. Undoing the rescaling
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H()=\(1)2Dy(1)/[47K(1)3A(1)%], where we have used(l) @ V)
=Ao€”. Under the RG transformation the cutadff, is fixed, .
while the cutoffA(l) in the original scale corresponds to an
appropriately chosen cutoff introduced [i@,9], in which 0.5
short-wavelength degrees of freedamk) with |k|> A(l) ’
were explicitly eliminated. Going back to the original scale, I
the flow equation$15)—(17) remain unchanged, but the flow 10 12 14
equationg10)—(14) are changed to 05
dv G H
— =y ———=13+F+(1-F) = (|, 20 -1
dl V[F(1+F)3{ ( )GH (20
® D)
dK G
—=K| =126 -F+2F?+F3 20
dl { 2(1+ F)5{
D=20
2 3 H 15
+(2-21F +6F +F)6 : (21
10
d\
a =0, (22 5
D=2.5
D=0.05
dD D{ G (1 H)Z} 23 D02 4 6 8 10 12 14 !
_ S + — ,
dCla+piT e @ v(D)
20 D=20 D=2.5 D=0.05
%—D[—Gz 16+ F + F2+ 2(9 - 5F)
dl Y 2H(1+F)° G 15
2 H 2
+-1F-F) o) (] (24) 10
These flow equations take similar forms as EG€9)—(14), 3
but in the original scale it is not necessary to consider the
contribution from the rescalings. B iy S— W— —— —_
Figures Za) and Zb) show the behavior of the rescaled =0
viscosity»(l) and noise strengtB(l), which are obtained by @ D) pe D25
solving Egs(10) and(13) by the use of Eq415—(17) under
the assumption that the values @fand z are given bya 30
=0.5 andz=1.5. It is found tha’ andD converge to steady- 40
state value§” andD". Their values become large with in- 20
crease ofD(0)=D. On the other hand, Figs(@ and 2d) D=0.05
show»(l) andD(l) in the original scale, which are obtained 20
by solving Eqs(20) and(23) by the use of Eq915—(17) or 10
by making the scale transformationl)=e@2"5(1) and o
D(l)=e @ 2+=DIp(|). It is found thatr(l) and D(l) increase 57 ¢ s 10 1 1

with the parametel, which indicates that the RG analysis ) s )
cannot predict the values of the effective viscosity and FIG. 2. (8 The rescaled viscosity(l), (b) the rescaled noise
the effective noise strengtg¢ in the intermediate scaling strengthD(1), (c) the viscosityx(1) in the original scale, ane) the
region where the linear term dominates the nonlinearity imoise strengtkD(I) in the original scale, fon/(O) »(0)=-1, K(0)
the_eﬁectlve equatpn obtained from Eg) [7-10. By us_lng =K(0)=1, D(0)=D(0)=D=0,0.05,2.5, 20, anﬁ)d(o) D4(0)=0.

a discrete stochastic model of erosion processes by ion sput-

tering, it was found that a periodic ripple morphology char-gei affine scaling exponents of rough interfaces, but cannot

?cter:jzeslthe |n|ﬂal ﬁ?tage O]; the evk?lultlon whereas tEe SUlSredict the crossover from the ripple structure to the rough
ace displays self-affine scaling in the later stag@. In t surface. In Figs. @, 2(b), 20, and 2d), we have

RG procedure one must rescale the space, time, and height in
order to obtain a system similar to the original, which isCn0Sen the initial valuesy(0)=»(0)=-1, K0)=K(0)=1,

based on the assumption that the interface is self- affind)(0)=D(0)=D=0,0.05,2.5,20D4(0)=D4(0)=0, and A,
Therefore we can say that the RG analysis can determine them/Ax=7/0.5. It should be noted that the values of
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pend on the initial values, whilé" andD” depend on them.

D. Fluctuation-dissipation theorem

From the linear part of the effective equation obtained

from the noisy KS equation, the velocity correlation function
in the original scale can be expressed &$]

ey U6 2D+ DK
) stk K)o+ ) Pt [+ KK
(25

which is found to be a scale-independent quantity. Accord-
ingly, E(k) also can be put a®* /%, which indicates that in
1+1 dimensions the fluctuation-dissipation theorem holds in
the noisy KS equation too in the long-wavelength limit. If we
do not introduce théy term in the noise correlatoE(k)

without H(I) in Eq. (28) depends ork because 1#(l) # 0 at

the fixed point. In the numerical simulations of the KS equa-
tion without noise term, the equal-time correlation function
takes the steady-state value for-0 [7-9]. The present RG
analysis has shown that this is also the case in the noisy KS
equation.

On the other hand, the velocity correlation function in terms

of the rescaled variables is given by
2[D(1)k2 + Dy(1)K*]

K, @) = —
(k) 22+ [Pk + KK

(26)

C(k,w) and C(k, @) are related a€(k,»)=e1"272IC(k, w)

by the scale transformation; then the scaling solution is give
by C(k,w)=k}*2*2F(w/k?), whereW(x) is a scaling func-
tion. Substituting the valueg=1.5 and«=0.5, we obtain
C(k,w)=k 15 (w/k>9. Thus, the scaling solution for the
effective equation obtained from the noisy KS equation is th
same as that for the KPZ equatiph] and the KS equation
[11,19 in 1+1 dimensions. It follows from Ed25) that the

energy spectrum of velocity in the original scale can be writ-

ten as

_ [ do _ D(I) + Dy(h)K?
= _f 2720 = ) TR
_D() 1 +[HO/GIKAMDT?
Tu) 1+[LFOKANT

(27)

while the energy spectrum of velocity in terms of the re-

scaled variables is given by

I R -
E®) = D) + Dg(Dk” _ D() 1 +[H/GD I AQ)”

() + K(K2 0]

V() 1 +[21F(1)](RA)?
(28)

E(k) and E(k) are related a&(k)=eX2'E(k) by the scale
transformation; then the scaling solution is given Bgk)
k=2 At the fixed point, the values(F",G",H")
=(10.7593,680.652,63.2614yield the estimatesH /G
~0.093 and 1F" ~0.093. Then Eq(28) tells us thatE(k)
=D*/7" at the fixed point. Using the values=1.5 anda
=0.5, we obtainy(1)=e?>307" andD(1)=e?¥-0D*, where
we have used the fact that fey<I, (1) and B(I) take the
steady-state valueg’ and D" as shown in Figs. @) and
2(b). Using the cutoffA(I)=Ae™, they can be expressed as
v()=[Ag/ A(N]O5HV5"  and D(I)=[Ay/ A(1)]0511ND".
Therefore in the limit |—o, »()~A()™°% and D(l)
~A(D)™°5 This shows that the values of and D in the
original scale increase with decreasing cutdffl) [7,20].

IIl. NUMERICAL ANALYSIS
A. Scaling exponents

The long-wavelength properties of the KS equation are
expected to behave like the KPZ equation. Snepgieal.
erformed a large-scale numerical simulation of the KS
quation without the noise terfi8]. They investigated the
dynamic scaling of{(h—(h))??~t# and found crossover
from the Edward-Wilkinson scaling witjg=1/4. However,
they could not find the KPZ scaling witjg=1/3 clearly.

Such larger-scale and longer-time numerical simulations

may be necessary to confirm the KPZ scaling. The RG analy-
sis in the previous section shows that the fixed point
(F",G",H") is more easily attained by stochastic noise. We
expect therefore that the KPZ scaling wigx1/3 can be
numerically observed in the noisy KS equation with moder-
ate system size.

In the usual numerical simulations of the KS equation
without the noise termi7—10], all the parameters in Edl)
or (3) can be fixed to 1 by appropriate rescaling. The only
control parameter is then the system sizg§7—10. On the
other hand, in the noisy version of the KS equatibnand
Dy are added as the control parameters. We have performed
direct numerical simulations of Eq(l) with »=-1,K
=1,\=1, and investigated the time evolution &k t)
=([h(x,t)=(h(x,1))])*"2. We have investigated both cases of
D#0, D4g=0 andD=0, Dy# 0, and obtained similar results.
We will show only the results fob # 0 andD4=0, since the
case is more natural for noisy surface grojB]. We have
used the Heun method for the numerical simulation with
Ax=0.5 and At=0.005. (Sneppenet al. used the Euler
method withAx=1 andAt=0.1, which might be too rough a
discretization. The periodic boundary conditions are im-
posed, and the initial condition t¥x, 0)=0.

Figure 3 displays the time evolution ®(t) for the KS
equation forL=200 000. The ensemble average is taken for
three runs. In this simulation, the noise term widk=0.1 is
added only for the initial time interval €t<<0.5, and the
time evolution obeys the deterministic KS equation for
>0.5. The double-logarithmic plot di(t) shows that\/(t)
obeys the dynamic scalingt’* fairly well. The slightly
upward-curving line ofW(t) probably represents the cross-
over to KPZ scaling. The exponent ndar 50 000 is about
0.29, which is still rather smaller than 1/3. That is, we could
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FIG. 3. Time evolution of\(t) for the KS equation without the FIG. 4. Time evolutions of\(t) for the noisy KS equation at
noise term forL=200000. Two straight dashed lines denote theD=0, 0.05, 2.5, and 20 fdc=20 000.
lines with exponents 0.25 and 0.29.

. o _ (X0 (X' 1)) = 2Derd(x — x)(t-t').  (30)

not confirm the KPZ scaling witlB=1/3 clearly, either. ) ) .

Figure 4 displays the time evolution W(t) for the noisy ~ Snepperet al. evaluated the effective viscosity constagk
KS equation withD=0,0.05,2.5,20 foiL.=20 000. The en- and the effective noise strengih; from the direct numeri-
semble average is taken for 10 runs. As the noise strength f& S|mulat1|2ns of the deterministic KS equation. They evalu-
increased, the time evolutions ¥¥(t) are shifted upward, at€dDer/ ves using the relation

since the fluctuations increase owing to the stochastic noises. 2Dy
For the deterministic case &=0, only the dynamic scaling W(t)? = —=t"2, (31
with 1/4 is observed and even the crossover is hardly seen in N2 Vet

this smaller-size and shorter-time simulation. The exponenih the tem ; ;
. . poral range of the dynamic scaling with1/4. In
of the dynamic scaling has been evaluated by the method Gf,e |ong.wavelength region, the equilibriumlike equipartition

least squares using the data in the range- 5@ 2000, a”‘?' law for h, is observed for the KS equati¢@—10]. Then, the
the result isp=0.248. ForD=0.05, the time evolution is second relation

almost the same as the case@£0. ForD=2.5, the expo-
nent of the dynamic scaling increases frggw1/4 toward Dot 5 )
B=0.3. ForD=20, the exponent of the dynamic scaling is o = LkX|h(k, 1)[%) (32
evaluated ag=0.316 by the method of least squares using eff
the data in the range 50t<2000, which is close to the determines the ratio db.; and ve. From the two relations,
exponent 1/3 of the KPZ scaling. We have also evaluated thgnepperet al. evaluatedDs and vy as Deg=6.4 and veg
effective 8 exponents ag~0.25 forD=0 andB3~0.315for  =10.5. They performed numerical simulation of the KS
D=20 from the time dependence W(t)/t? as done if8].  equation(1) with »=—1,K=1, \=2, and the above value of
This result is consistent with the RG result in Fig. 3, whichD is a rescaled value for=1. We note that the results by
shows that the KPZ fixed point is easily attained by stochasthem are obtained by the replacemehnts 2h, »— 27, and
tic noise. If we can perform further extensive numericalD.;— 2D from the present results. The effective viscosity
simulation than that shown in Fig. 3, the RG trajectory for v was estimated with other method,10], and similar
the KS equatiorii.e., the case ob=Dy4=0) would reach the values of 6< v.5< 10 were obtained. We have evaluated the
KPZ fixed point. WherD=D4=0, however2. in Eq.(8) and  effective viscosityv.s and the effective noise strengByy
® in Eq. (9) are always zero. Then the RG trajectory is onfor the noisy KS equation using the two relatio{®l) and
the F axis in Fig. 1 and never reaches the KPZ fixed point.(32). We have performed numerical simulations &f
This is a qualitative difference between the RG analysis in=20 000 to evaluate the relatigB1), and numerical simula-
the previous section and the numerical simulation. tions of L=4096 to evaluate the relatid2).

Figures %a) and 3b) display ve; andDgg as a function of
D. The effective viscosityv. decreases fromeg;~ 8 near
D=0, and takes a value of about 5 for lafgeThe effective
noise strengthD increases withD, since the stochastic

Next, we analyze the numerical results of the noisy KSnoises are added to the deterministic noises generated spon-
equation, based on the KPZ equation with the effective noiséaneously by the chaotic behavior. The valueggfand D
strength and the effective viscosity, assuming that the modat D=0 are slightly different from the values estimated by
eling by the effective KPZ equation is a good approximationSneppenet al. Figure 5c) displays the ratidDgq/ ve; @S a
for the behavior in the large spatial and temporal scales fofunction of D. The rhombuses denote the numerical values

B. Modeling by the KPZ equation and estimate of the effective
parameters

the case of smalD. The KPZ equation is written as determined by Eq(32) and the crosses denote the rddi6y
N obtained by solving RG flow equatior{$0) and (13) with

- N2 Ao=m/Ax=/0.5, assuming that the values efandz are

M= Vet 2(hX) * 7, (29 given by «=0.5 andz=1.5, and the initial values afg0)
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FIG. 5. (a) Effective viscosity andb) the effective noise strength numerically estimated using the two rela8f#sand (32) as a
function of D. (c) The ratioDg/ ver Obtained by numerical simulatioridenoted by rhombuspand the RG analysi&@enoted by crossgs

=y=-1,K(0)=K=1, D(0)=D, and D4(0)=D4=0. As we dvesl(l)

= = ver(1)9(l),
have shown in Figs.(2) and 2b), 7 andD approach steady- dl et 9
state value§” andD". We have evaluated the ratid/7 at
the steady state. It may be said that the RG analysis gives dDe(1) = Der(g(l) (34)
roughly approximate values ®q«/ ver. However, it should dl ef '

be noted that in the RG analysis the valueDy/ ves ap- . . . .
proaches zero ab—0, while in the numerical simulation The effective viscosityveg(l) and Deg(l) increase agvgg(l)

_ | _
Deg/ ver takes a finite value even &=0. This is probably = Ye€XPSod(1)dl}=rerexpl{l +2 In coshl/2-c)}/4]  and

because the chaotic fluctuations generated by the determifferl)=Dei€XH{l+2In costil/2-c)}/4]. For l—<=, the

istic KS equation are not well involved in the RG analysisWave numbeik is scaled ak~Age™, sol~In(Ag/K). That
whenD=D4=0. is, the effective viscosity and noise strength in the original

scale increase agg(k) ~ k™2 andDg(k) ~ k™ for smallk.
If we assume that.4(I) andDgg(1) are the effective viscosity

C. Approximation of the surface growth law using the RG and the noise strength at the wave number\oe", the time

analysis evolution of W(t) is expected to obey approximately
The increase of the effective noise strength is expected to 2

facilitate the crossover to the KPZ scaling as we have shown W(t)? = [E {|h(k,t)|?)
in Fig. 4. We consider the dynamic scaling based on the KPZ k
equation. We assume thats and D are evaluated using 2 t -
Egs. (~31) and (32. The RG flow equation forg(l) ~ EE f e 22D _c(kydt!
=N(1)2Dgit(1) [T Ves(1)3Ag] is given as k-0

dg(l) = ZE —De“(k)z(l — g 2k’ (35)

g L k)k '
S = g0 - 29072 (33 o verlld

where the summation is taken for the discrete wave numbers
which can be obtained also from Eq0), (12), and(13) by :thil;fs: \7\,/(; (un;nlg, Eq'?ég)) - We can evaluate the time evo-
putting K=D4=0. Equation(33) is easily solved ag(l)={1 Figure a) compares the numerical result of the KPZ
+t5;nf('/ 2-c)}/4, where c is determined from g(0) — equation(29) for L=20 000, vey=10, andDe=2.5 with Eq.

=\ Deril (4mvgAo) = (1 —tanhc)/4 with the use of the initial  (35) for L=20000 and 1000 000. Equatidi85) gives a
values of Te(0) = vesr, Des(0)=Deyr, and X(0)=\. If we  fairly good estimate fokM(t). The dynamic scaling with ex-

chooseg(0)=1/2, weobtainc=—=. The substitution ot=  ponent3=1/4 is seen even for the KPZ equation af
- in the above exact solution af(l) yields g(I)=1/2 for ~ =10. The saturation effect (t) owing to the finiteness of
anyl. That is, if we choose the initial values ofg, Dy, A, L iS also expressed by E¢B5).

and A to satisfyg(0) =\?Dg/ (4mv3Ag) =1/2, thedynamic Figure Ga) also shows that very large size and long time

scaling with3=1/3 iseasily observed even for smalisince ~ are necessary to see the crossover to the KPZ scaling for the
the system is at the fixed point of the RG flow. The rescaledarge Vviscosityver=10. Figure €b) compares the numerical

prametr ) Do) avey B0 an0 19y 152001 e S eusion 8 b L300 0000ich s

putting K=Dy=0. Returning to the original scale, the param-|ine and Eq.(31) shown by the dotted line fok =200 000
eters vei() =€ @24(1) and Deg(1) =€ @22 VD (1) obey  and ver=7.85,De=7.65, Wherev; and Dy are the values
the equations at D=0 in Figs. %a) and 8b). The effective values o
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FIG. 6. Comparisons diV(t) by direct numerical simulationsolid line) with Eq. (35) (dashed linesand Eq.(31) (dotted line$ for (a)
the KPZ equation withve=10, De=2.5, andL=20 000, 16, (b) the KS equation fot.=200 000, andc) the noisy KS equation fob
=2.5 andL=20 000. The straight dotted lines (h) and (c) represent the lines by E¢31).

=7.85 andD;=7.65 were obtained through the linear fitting with Eq. (36). Fairly good agreement is seen for the large
by Eq (31, so naturally the dotted line is close to the solid value ofD=20. In Figs. &b), 6(c), and 7, one reason for the
line. The dashed line represents the very slow crossover taeviation between the numerical results and E88) and
ward KPZ scaling. However, the crossover seems to be eve86) may be that the chaotic fluctuations are not explicitly
slower in the direct numerical simulation than the predictioninvolved in the RG calculation.

by Eq. (35). Figure &c) compares the numerical results of

the noisy KS equation ab=2.5 for L=20 000 (which is IV. CONCLUSION

already shown in Fig. with Eq. (35) shown by the dashed . )
line and Eq. (31) shown by the dotted line forl We have performed a RG analysis for the KS equation
=20 000, vy=4.65,Dy=26.7, Wherevy and Doy are the with conserved and nonconserved noise in 1+1 dimensions.

d BY introducing the conserved noise, first, we obtained the
the KPZ equation is clearly seen even in the smaller-siz&alues of the scaling exponents which are the same as those

system. The crossover seems to be slower in the direct n@t the KPZ fixed point. Second, we showed that the

merical simulation than the prediction by E85) also at this flugtuation-dissipatiqn theorem is exactly s_at_isfied in the
parameter. noisy KS equation in the long-wavelength limit. Therefore

The corresponding summation formula ft) using the we can say that the long-wavelength properties of the noisy

. . KS equation in 1+1 dimensions are described by the KPZ
RG flows of Bqs(15~(17) and (2024) is written as equation fairly well. However, the RG analysis for the noisy

2 t 2 , KS equation could not yet predict the effective viscosity and
W(t)? ~ [Ef & 2MIEHKIIEODD () + 2D (KKt the noise strength in the intermediate scaling region. We
k -0 have numerically evaluated the effective viscosity and the

noise strength for the effective KPZ equation. We showed
that scaling behavior close to the KPZ scaling can be ob-
served even in moderate-size numerical simulations of the
The growth law with exponenB=1/4 and thecrossover KS equation under stochastic noise, owing to the increase of
toward the exponeng8=1/3 did notappear in this formula. the effective noise strength.
We suspect that fluctuations by the deterministic chaos are
well involved in the RG analysis of Eq6L0)—(17) and(20)— 100
(24) especially for smalD. That is a reason why we have ;
assumed the KPZ equation for the basis of the dynamic scal-
ing for smallD. It might be related to a fact that the effective
viscosities around 5-10 did not appear in the RG flows as =
shown in Fig. Zc). = 10¢

However, if D is sufficiently large, the stochastic noises ;
dominate the chaotic fluctuations, and the RG flows of Egs.
(15—(17) and(20)—(24) become more plausible. In addition,
the effective viscosity and the effective noise strength cannot
be evaluated for largB®, since the intermediate region with 1
the dynamic exponenB=1/4 becomes invisible, and the
analyses based on the KPZ equation cannot be applied. Here,
we show the applicability of the RG flows for the noisy KS  FIG. 7. Comparison of the time evolution Wf(t) for the noisy
equation through Eq36) for largeD. Figure 7 compares the KS equation withD=20 andL =20 000(solid line) with Eq. (36)
numerical results fot.=20 000 andD=20 shown in Fig. 4 (dashed ling

values aD=2.5 in Figs. %a) and §b). The crossover towar

_ 2 D(K) +Dy(k)k?

- = 1- e—z{v(k)k2+K(k)k4}t . 36
L4 v(kk?+ K(k)k“( ) (36

1 10 100 1000
t
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We have not succeeded in including the effect of the chalinearly unstable modes are incorporated by the RG method,
otic fluctuations in the RG flows and evaluating the effectiveit is worth considering a model where the fourth-order de-
viscosities for smallD or D=0. This problem also would rivative in Eq.(1) or (3) is replaced by a sixth-order one. In
arise in other methods such as the direct interaction approxsuch a variant model, it is reported that the valuesgfand
mation[see Fig. 2a) in [7]] and a mode-coupling stud{9]  D.; become huge, but the fluctuation-dissipation theorem is
of the KS equation, which were unable to obtain spectra withstill well satisfied[7,9]. The huge value of; can be quali-

a hump. A rough estimate of the effective viscosityvig  tatively estimated from/eﬁzlge“/r. If the linearly unstable

~ |§e"/ 7, wherel . is the size of the cellular structures in the modes are well involved by the RG method, we would obtain
KS system andr is the linear growth time of the most un- larger values o andDy for the variant model than those
stable modég8,9]. It is recognized that the range of linearly for the noisy KS equation. This is under investigation.
unstable modes, which are seen in the prominent hump in the

spectra, plays a crucial role in the nonlinear dynamical be-

havior of the KS equatiopl2]. Even if we are interested in ACKNOWLEDGMENT
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